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Abst rac t - -We prove that the limiting behaviour of the source-type solutions for the equation 
ht + div(h n grad (Ah)) ---- 0 when n --* 3 is a 5 function which remains fixed. A rescaled limiting 
profile is also obtained. (~) 1999 Elsevier Science Ltd. All rights reserved. 
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1. INTRODUCTION 
In this note, we s tudy the crit ical l imit problem n = 3 of the existence of source-type solutions 
of the equat ion 
ht + div (hngrad (Ah))  = 0, in ]I~ d X (0, (X)), (1.1) 
i.e., the existence of nonnegative solutions of (1.1) which satisfy 
h(., t) --* MS, as t ~ 0 +, (1.2) 
where 5 is the Dirac mass and n and M are posit ive constants.  Moreover, we shall require the 
point-wise convergence 
h(x, t ) -~O,  ast -~0 +, for a l l x¢0 .  
These source solut ions were studied in [1] for d = 1 and in [2] for d __ 2. Equat ion (1.1) arises in 
several appl icat ions.  The case n = 3 appears in the lubr icat ion theory for thin viscous films that  
are driven by surface tension, where h is the height of the film. For n = 1, it models the flow 
of a th in neck of fluid of width 2h in a Hele-Shaw cell. For an overview on degenerate parabol ic  
equat ions of higher order and their  appl icat ions, we refer to [3]. The crit ical character  of the 
value n = 3 appears  in several aspects of the theory, see [2] and the references therein. 
As in [2], we search the source solutions with the radial ,  self-similar form, 
Ixl 1 (1.3) h(x,t) = t-dt~f(r), r = ~-E' f~ -- (4 + dn)" 
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The function f ( r )  has bounded support [0, a] and is the solution of the following problem: 
find a number a > 0 and a function f such that 
f • C3[0, a )n  cl[0, a], 
(A~/)'= Zry 1-~, 
f'(O) = f(a)  = f ' (a) = O, 
f>0 in [0 ,  a), 
in (0, a), 
// we rd- l f ( r )  dr = M, 
(1.4) 
where Ar is the radial Laplacian and Wd the area of the unit sphere in R d. Setting u(r) = cf(ar) 
with cna413 = 1, we find that supp(u) = [0, 1] and u(r) is a solution of 
u • C3[0, 1) F3 C1[0, 1], u > 0, in [0, 1), 
(Ar~)' = ru 1-~, in (0, 1), (1.5) 
u'(0) = u(1) = u'(1) = 0. 
Conversely, let u(r) be a solution of (1.5); if we define a and c by 
cna4~ = 1, cM = wda d rd- lu(r)  dr, (1.6) 
then f ( r )  = (1/c)u(r/a) is a solution of (1.4). 
The purpose of this note is to investigate the behaviour of these source-type solutions as n 
approaches three. We shall prove the following theorem. 
THEOREM A. Let fn and an be the function and number, respectively, that solve system (1.4) 
with exponent n. These behave as follows. 
(1 ) /~(o)  -~ ~ as n -~ 3. 
(2) a~ --~ O as n --~ 3. 
Let ha(x, t) be the corresponding source-type solution. Then we have the following. 
(1) ha(x, t) ~ MS(x)  for all time t > O. 
(2) The rescaled function 
dhn(anx,  t )~  d(d+2)Mt -dZ(1 -1x l2 t -2Z)+,  asn--~3.  Ha(z ,  t) = an 2~d 
Notice that the limit of Hn is, for each t, a parabolic arch with nonzero contact angle. 
In what follows, the same letter C will denote different positive constants, all of which will be 
independent of n. 
2. PREL IMINARIES  
In [2], we studied system (1.5) and proved the following assertions. 
(1) There exists a unique solution of (1.5) if 0 < n < 3 and there is no solution for n > 3. 
Moreover, this solution satisfies 
/01 u0) ( r )  -- a(~)(r, t ) tu l -n(t)  dt, j = 0, 1, (2.1) 
where G(r, t) is the Green function associated to system (1.5) as explained in [2]. 
(2) The Green function verifies the following estimates: G(r, t) > 0, G~(r, t) < 0 and for all 
r,t  • [0, I], 
a(r,t) <_C(1-t) and IO'(r,t)l _<O(l-t) .  (2.2) 
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(3) The Maximum Principle (Lemma 4.1 of [2]) implies that 
u>0in[0 ,1 ) ,  u '<0 in (0 ,1 ) ,  u" (0  +) <0 
(4) The solution u(r) satisfies that for 1 < n < 3, 
un(r) >_ CW"(1 - r )  3/n. 
(5) If 2/3 < n < 3, then 
( n3 )l/n 
u(r) ,.~ 3(3 - n)(2n - 3) (1 - r) 3/n, 
and u" (11-) > 0. 
as r --* 1. 
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('2.3) 
(2.4) 
(2.5) 
3. PASSAGE TO THE L IMIT  IN THE PROBLEM (1.5) 
LEMMA 3.1. Let q(t) be a function in C3[0, 1) N CI[0, 1] for which 
q'(O) = q(1) = q'(1) = O, lira(1 - t)A~q(t) = O. 
t-*l  
Then q(r) satisl%s the identity 
PROOF. 
LEMMA 3.2. 
PROOF. 
/0 /o 1 1 t d (1 - t 2) (A~q(t))' dt =: 2d(d + 2) td-lq(t) dr. 
The identity is obtained using integration by parts. 
Take Un to be the solution to problem (1.5) with exponent n. Then 
jfO 1 rd- lun(r)  dr --~ oc, as n -* 3. 
In order to obtain a contradiction, let us assume that there exists a bounded subsequence 
{un} such that 
1 
fo rd- lun(r )dr  < C. 
In <C.  
On the other hand, by (2.1) and (2.2), we have the following estimate: 
]u',(r)l = .~1 G'(r ,t)(Arun) '(t)  dt 
< C (1 - t) (Aru,~)' (t) dt + C (1 - t) (A~un)' (t) dr. 
/2 
(3.1) 
we obtain 
By (2.5), we have that 
(1 - r)Arun(r)  --* O, as r --* 1. 
This, together with the boundary conditions, gives that un satisfies the hypotheses of Lemma 3.1. 
Hence, setting 
£ In = t d (1 - t 2) (Arun)' (t) dt, 
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By (3.1), the second integral is bounded. For the first integral, we trivially have 
[1,2 [1,2 (~) 
(1 - t) (Arun)' (t) dt = (1 - t)tul-n(t) dt <_ Cu 1-n , 
JO JO 
where the last inequality is given by the fact that Un is a decreasing function. Now, by (2.4), the 
first integral is bounded too. 
Having shown that [u~n(r)l is bounded, integration between r and 1 gives that u~ _< C(1 - r). 
Prom this, it follows that 
This is a contradiction. 
fO t d+l (1 - t 2) 
I,~ >_ Cn_l(1 _ t )~_ :  ~ oo, as n~3.  
where by (1.3) and (1.6) 
Ixl 
H~(z , t )  = t-~F,,( , -) ,  r = 7 '  
Fn(r) = u.(r)  Q.  = ~" f0: r~- lu-(r )  e~ 
Qn'  M 
Hence, supp(Fn) = [0, 1]. Notice that Qn --* oo as n --* 3. On the other hand, by (2.1),(2.2), we 
have that for j = 0, 1, 
.( j:  /1 ) 
F(J) <- -~n (1 - t) (Arun)' (t) dt + (1 - t) (Aru,) '  (t) dt . 
/2 
The first integral is bounded as before. For the second integral, we use the fact that un satisfies 
Lemma 3.1. Then 
f l  1 2d+2d(d + 2) fol (1 - t) (Arun)' (t) dt < rd-lun(r) dr. 
/2 - 3 
Hence, the functions F~ and Fn t are uniformly bounded in n, and thus, there exists a subsequence 
such that Fn -~ F uniformly in [0, 1], with F > 0 and F '  < 0 in [0, 1]. 
LEMMA 3.3. The function F(r) satisfies 
Therefore, 
F(r) > O, in [0, 1), 
(ArF)'  = O, in (0, 1), 
/01 F(1) = 0, wa ra- lF(r)  dr = M. 
d(d + 2)M F(r) - (1 - r2)+. 
2Wd 
(3.2) 
In order to study the limit profile, we define the function 
Hn(x, t) = adhn (anx, t), 
which verifies the property of mass conservation. Writing Hn in terms of the function Un, we 
have 
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PROOF. By the uniform convergence of Fn, F(1) = O, cod f l  rd_ lF ( r  ) dr = M,  and (A~Fn) ~ 
(ArF ) '  in distributional sense. Moreover, (ArFn) '  _> 0. Then the distribution (ArF ) '  is nonneg- 
ative. Hence, (ArF ) '  is a measure, A~F is locally of bounded variation, and F E C1(0, 1). 
Let us suppose that there exists b 6 (0, 1) such that F ~ 0 in [b, 1]. Uniform convergence, 
together with the fact that F > 0 in [0, b), gives that 
(A~Fn)' - rF~-n -+ O, 
Q~ 
uniformly in compact sets of [0, b). Therefore, in (0, b), the function F satisfies the equation 
(LXrF)' := O. 
Then 
F(r) = C1 + C2r 2 + C3¢(r), 
with ¢(r) = r 2-d if d > 2 and ¢(r) = log (r) if d = 2. On the other hand, since F is bounded, 
Ca = 0; F'(b) = 0, C2 = 0, and F(b) = 0, C1 = 0. This contradiction proves that the function 
F > 0 in [0, 1). Repeating the same argument, one obtains that for r E [0, 1], 
F(r )  = C1 (1 - r2) ,  
and by the mass conservation, C1 = (d(d + 2)M)/(2wd).  | 
REMARK. Lemma 3.3 is also true for d = 1. In this case, F'(0) = 0 follows easily because there 
is no singularity at r = 0. 
4. PROOF OF  THEOREM A 
By the definition of problem (1.4), the profile f~(r) satisfies 
fo °° COd ra - l fn ( r )  dr = M. (4.1) 
Hence, by (1.6), we find that 
• n l /n  d+4/n.~a 1M = Wdp an rd - lun( r )  dr, 
and it follows from Lemma 3.2 that an --+ 0 as n -+ 3. 
From (4.1), and the fact that fn(r)  < fn(O), we have 
M <_ ~f .  (0) ~. 
As a result, fn (0) --~ oo as n -~ 3. Hence, the two first points of Theorem A are proved• 
Now, we consider the source type solution hn given by (1.3); we have that for all fixed t > 0, 
this function satisfies that as n -+ 3, 
hn(O, t) = t-d~'~ fn(O) --+ OO, 
supp(h~(x , t ) )  = {Ixl < a,~t ~'' } --+ {0}, 
Wd / hn(x , t )dx  = M. 
JR d 
Therefore, hn(' , t )  --+ M5 as n -+ 3. 
On the other hand, from the definition of Hn(r)  and due to Lemma 3.3, we have that 
d hn (anx,t)  --+ d(d + 2)Mt_df  ~ (1 - Ix[2t-2Z)+, as n --+ 3. Hn(x,  t) = a,~ 2Wd 
This completes the proof of Theorem A. 
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